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Abstract. Collapse models represent one of the possible solutions to the
measurement problem. These models modify the Schro¨dinger dynamics
with non-linear and stochastic terms, which guarantee the localization in
space of the wave function avoiding macroscopic superpositions, like that
described in the Schro¨dinger’s cat paradox. The Ghirardi-Rimini-Weber
(GRW) and the Continuous Spontaneous Localization (CSL) models are
the most studied among the collapse models. Here, we briefly summarize
the main features of these models and the advances in their experimental
investigation.
1 Introduction
Quantum Mechanics is the most precise theory we have for describing the micro-
scopic world. However, since its formulation, the theory never stopped to raise
issues regarding its meaning. In particular, the superposition principle does not
seem to apply to the macroscopic world. This raises the well-known measure-
ment problem.
Collapse models provide a phenomenological solution to such a problem.
These models modify the Schro¨dinger equation by adding stochastic and non-
linear terms, which implement the collapse of the wave function Bassi and Ghi-
rardi (2003). An in-built amplification mechanism ensures that their action is
negligible for microscopic systems, and become stronger when their mass in-
creases thus providing a natural implementation of the quantum-to-classical
transition.
The most supported among collapse models are the Ghirardi-Rimini-Weber
(GRW) Ghirardi et al. (1986) and the Continuous Spontaneous Localization
(CSL) models Pearle (1989); Ghirardi et al. (1990). Their action is determined
by two parameters: the collapse rate λ, and the correlation length of the noise
rC. Different theoretical proposals for their numerical value were suggested:
λ = 10−16 s−1 and rC = 10−7 m by Ghirardi, Rimini and Weber Ghirardi et al.
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(1986); λ = 10−8±2 s−1 for rC = 10−7 m, and λ = 10−6±2 s−1 for rC = 10−6 m
by Adler Adler (2007). Since these models are phenomenological, the value of
their parameters can be bounded and eventually identified only by experiments.
The paper is organized as follows: in section 2, we review the GRW model
and discuss its main features and how the model provides a solution to the
measurement problem. In section 3, we introduce the CSL model and analyze
its properties. In sections 4 and 5 we briefly review the current experimental
attempts to determine the values of the parameters λ and rC. In section 6 we
discuss the dissipative and non-Markovian generalizations of these models. Fi-
nally, in section 7, we discuss new proposals to set new bounds on these models.
2 The GRW model
The Ghirardi-Rimini-Weber (GRW) model represents the first consistent model
where the dynamics induces spontaneous collapses in space. In the GRW model,
the wave function of any system is subject to random and spontaneous local-
izations in space. These collapses are designed in such a way that one recovers
the Born rule. Due to an in-built amplification mechanism, the rate of collapses
increases with the size of the systems. This guarantees that macroscopic objects
always have well-defined positions. Conversely to other collapse models, as for
the CSL model (cf. section 3), the GRW model is not formulated using stochastic
differential equations3, making it ideal to intuitively explain the main features
of collapse models.
The GRW model is defined by the following postulates:
1. Every physical system is subject to spontaneous localizations (i.e. collapses)
in space which take place at random times, following a Poisson distribution
with the mean rate given by4 λ.
2. The localization at the point a is described as
|ψ〉 → Lˆa|ψ〉||Lˆa|ψ〉||
, (1)
where the localization operator Lˆa is given by
Lˆa = (pir
2
C)
−3/4e
− (qˆ−a)2
2r2
C . (2)
3 It possible to define the model also through a stochastic differential equation de-
scribing the interaction with a Poissonian noise, see Smirne et al. (2014); Torosˇ
et al. (2016).
4 In their original formulation Ghirardi et al. (1986), Ghirardi, Rimini and Weber
considered the possibility that different particles can have different collapse rate λi.
However, this is not required and in literature only one λ, representing the collapse
rate for a nucleon, is considered. For composite objects, the corresponding total
collapse rate can be calculated through the amplification mechanism discussed below.
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3. The probability of having a localization at the point a is ||Lˆa|ψ〉||2.
4. When there are no localizations in space, the system evolves according the
Schro¨dinger equation
i~
d|ψ(t)〉
dt
= Hˆ|ψ(t)〉. (3)
We now show how localization works by means of a simple example. Con-
sider a one dimensional system in a superposition of two states which are spa-
tially localized around the points a and −a with a  rC. Each state is repre-
sented by a wave packet with a width smaller than rC. The total state reads
Ψ(x) = ψa(x) + ψ−a(x). Let us suppose that a collapse takes place around the
point a. This amounts in multiplying the wave function by a Gaussian centred
in a with width rC and normalize the resulting state, as dictated by the above
postulate 2. Then, after the collapse, the branch of the wave function ψ−a(x) is
suppressed and the wave function of the particle is well localized around a. This
is how, starting from a delocalized wave function, we ended up with a localized
one. Note also that the postulate 3 guarantees that the probabilities of having
a collapse around the points a or −a is, in a good approximation, 50%. More in
general, the postulate 3 guarantees two fundamental properties: (i) in the limit
of high number of collapses we get the Born rule, and (ii) the master equation
associated to the GRW dynamics is linear (see Bassi and Ghirardi (2003) for
details), which is a necessary condition to guarantee the not faster-than-light
signalling Gisin (1989).
Together with the localizations, there is another fundamental feature required
in any collapse model: the amplification mechanism. The amplification mecha-
nism guarantees that, given a composite object, its center of mass localizes with
a rate given by the sum of the rates of localization of its elementary constituents.
This implies that quantum mechanics is still an excellent approximation for mi-
croscopic objects: the collapses are so rare that their effects on the dynamics can
be neglected for all practical purposes. Conversely, the effective collapse rate for
a macroscopic object is large due to the amplification mechanism, and then any
spatial superpositions is rapidly suppressed.
To understand how the amplification mechanics works, let us consider a rigid
system composed by N particles in the following superposition state
Ψ(x1, ..., xN ) = ψa(x1, ..., xN ) + ψ−a(x1, ..., xN ). (4)
Now, let us suppose that the j-th particle collapses around a. As in the single
particle case, this implies that Ψ gets multiplied by a Gaussian centered in a,
namely
|Ψ〉 → Lˆ
(j)
a |Ψ〉
||Lˆ(j)a |Ψ〉||
, (5)
with Lˆ
(j)
a = (pir2C)
−3/4 exp−(qˆj − a)2/2r2C. Consequentely, the ψ−a branch of the
superposition is suppressed. Since the collapses happen independently for any
j-th particle, then the state in Eq. (4) collapses with an amplified rate Λ = Nλ.
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3 The CSL model
In the GRW model, the collapse does not preserve the symmetry of the wave
function implying that the model cannot describe identical particles. This limita-
tion was overcome with the CSL model, which was formulated using the second
quantization formalism. Thus, it automatically guarantees that its dynamics pre-
serve the wave function symmetry. In this model, the collapse is described by a
non-linear interaction with a classical noise. The CSL equation reads Bassi and
Ghirardi (2003):
d|ψt〉
dt
=
[
− i
~
Hˆ +
√
λ
m0
∫
dx
(
Mˆ(x)− 〈Mˆ(x)〉t
)
wt(x)
− λ
2m20
∫
dx
(
Mˆ(x)− 〈Mˆ(x)〉t
)2]
|ψt〉 ,
(6)
where |ψt〉 is theN particle wave function and Hˆ is the system Hamiltonian. Here
m0 is a reference mass taken as that of a nucleon, and wt(x) is the noise providing
the collapse, characterized by E[wt(z)] = 0 and E[wt(z)ws(x)] = δ(3)(z−x)δ(t−
s), where E[ · ] denotes the stochastic average over the noise. The locally averaged
mass density operator is defined as
Mˆ(x) =
∑
j
mj
∑
s
∫
dy g(x− y)aˆ†j(y, s)aˆj(y, s), (7)
where aˆ†j(y, s) and aˆj(y, s) are, respectively, the creation and annihilation oper-
ators of a particle of type j with spin s at the point y, while
g(x− y) = 1
pi3/4r
3/2
C
e
− (x−y)
2
(2r2C) , (8)
is a smearing function imposing the spatial correlation of the collapses. Exactly
as for the GRW model, also in the CSL model the wave function gets localized in
space. Indeed, the effect of the second and the third terms in Eq. (6) is to induce
a localization in the eigenstates of the operators Mˆ(x) Adler and Bassi (2007),
which are position eigenstates. The mass proportionality of Mˆ(x) guarantees
automatically the implementation of the amplification mechanism.
Regarding the amplification mechanism, the mass proportionality of Mˆ(x)
automatically implements it. However, in CSL model the amplification factor is
different compared to that in the GRW model. Indeed, in CSL, the amplification
factor depends on the shape of the considered system, and not just on the number
N of its nucleons. In the particular case of a rigid body, when its size is smaller
than rC we have Λ = N
2λ. Conversely, in the limit of rC smaller that the
interparticle distance, the amplification scales with Λ = Nλ, which is the same
as in the GRW model.
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Working directly with Eq. (6) is in general problematic, being the equation
non-linear. However, as long as we are interested in computing expectation val-
ues, we can replace the CSL dynamics with Adler and Bassi (2007)
i~
d|ψt〉
dt
=
[
Hˆ − ~
√
λ
m0
∫
dx Mˆ(x)wt(x)
]
|ψt〉. (9)
which is a stochastic Schro¨dinger equation and is much simpler to handle.
4 Interferometric experiments
We can divide the possible tests of collapse models in two classes of experiments:
interferometric and non-interferometric ones. Interferometric experiments are the
most natural choice of testing collapse models since they detect the direct action
of collapse models. One prepares a quantum system in a superposition state and
then measures the corresponding interference pattern. The collapse action will
be determined by the reduction of the interference contrast. Fig. 1 summarizes
the state of the art of the bounds on the collapse parameters inferred from
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PERSPECTIVES
 I
n the movie Dances with Wolves, a lone 
wolf facilitates Lieutenant John Dunbar’s 
immersion into the complex culture of 
the Sioux Indians. This immersion required 
overcoming multiple cultural barriers. Ecol-
ogists and evolutionary biologists face an 
equally daunting challenge of understanding 
how environmental change affects ecological 
and evolutionary dynamics ( 1). Historically, 
researchers examined these impacts in isola-
tion. However, these dynamics can occur on 
similar time scales, resulting in a dynamic 
evolutionary-ecological feedback loop ( 2). 
Studying these feedbacks directly for long-
lived species is often thought to be imprac-
tical. On page 1275 of this issue, Coulson et 
al. ( 3) overcome this barrier using data from 
radio-collared gray wolves and state-of-the-
art mathematical models.
The 280 radio-collared wolves studied by 
Coulson et al. are direct descendants of 41 
gray wolves reintroduced into Yellowstone 
National Park between 1995 and 1997 ( 4). 
This reintroduction was part of a larger effort 
involving a simultaneous reintroduction in 
Idaho and a naturally colonized population 
in Montana. It was extremely successful; by 
2010, the Northern Rocky Mountain wolf 
population had expanded to 1651 individuals 
( 5). Individuals within this expanding popula-
tion vary substantially in body size, coat color, 
and other observable (phenotypic) traits. Coat 
color is particularly enigmatic; gray wolves 
in North America often have black coats, 
whereas in Eurasia black coats are rare, but 
the reason for this difference remains unclear 
( 6). These traits were recorded for over a 
decade (from 1998 to 2009) for each collared 
wolf and their offspring.
To explore the potential ecological and 
evolutionary responses of the gray wolves 
to environmental change, Coulson et al. fuse 
integral projection models (IPMs) with clas-
sical population genetics. Unlike their matrix 
model counterparts ( 7), IPMs describe the 
dynamics of populations with traits that vary 
continuously, such as body size ( 8), as well 
as discrete traits, such as coat color ( 9). Tra-
ditional IPMs track how the number of indi-
viduals with a particular body size changes 
due to births, deaths, and individual growth. 
The rules underlying these changes are deter-
mined by statistical relationships between the 
body size of individuals and their vital rates 
such as fecundity, survivorship, and growth.
In gray wolves, a change at a single loca-
tion on the genome—the K locus—deter-
mines coat color ( 10). To link evolution-
ary and ecological dynamics, Coulson et al. 
extend the IPM to account for this genetic 
difference between individuals. As a result, 
the statistical relationships between individ-
ual body size and vital rates become geno-
Mathematical Dances with Wolves
ECOLOGY
Sebastian J. Schreiber
Data and modeling of Yellowstone wolf 
populations illustrate the complex interrelated 
ecological and evolutionary responses to 
environmental change.
photon, it could have come 
from either of the diamond 
crystals in which one pho-
non was excited. The indis-
tinguishability of these two 
possibilities during detec-
tion means that the two dia-
mond samples coherently 
shared one phonon, which 
is the hallmark of a quan-
tum-entangled state.
The entanglement 
be tween the two diamond 
samples was confi rmed in 
experiments in which a second laser pulse 
de-excited the shared phonon and re-emitted 
a photon that was subsequently detected. By 
this method, Lee et al. demonstrate that the 
two diamonds share entanglement at a 98% 
confidence level. These results provide a 
striking example that entanglement is not par-
ticular to microscopic particles but can mani-
fest itself in the macroscopic world, where it 
could be used in future studies that make fun-
damental tests of quantum mechanics.
The demonstration of entanglement in 
macroscopic systems also has important 
implications for the ongoing efforts to realize 
quantum computation and communication. A 
full-size quantum computer eventually will 
need to be a macroscopic device in which 
entanglement is preserved and used over long 
times and distances. The lifetime of entangle-
ment in the experiment by Lee et al. is still too 
short for many quantum information applica-
tions, in part because of the room-temperature 
environment and the strong coupling of pho-
non modes in solids. However, the experiment 
emphasizes an important point, that ultrafast 
optical technology can alleviate the require-
ment on quantum coherence time. In future, 
with improvement of the ultrafast technology, 
or by using more isolated degrees of freedom 
in solids—such as as the nuclear spins ( 8) or 
the dopant rare-earth ions ( 9)—for quantum 
memory, many more quantum operations 
could be done within the coherence time of 
the solids, even at room temperature. 
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Making quantum connections. The method 
used by Lee et al. to generate entanglement 
between two macroscopic diamonds is illus-
trated. (A) A pumping laser pulse generates a 
correlated pair of a phonon inside the diamond 
as well as a scattered photon. (B) The scattered photons from two diamonds are brought together for interference and detection. 
When one photon is detected, the two diamonds coherently share a phonon. Thus, the quantum state created has the hallmarks 
of quantum entanglement.
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compounds show low inter-molecular binding and relatively
high vapor pressures.16,17 They possess strong intra-molecular
bonds and therefore sufficient thermal stability. In addition we
start with a porphyrin core which is compatible with the
required optical and electronic properties.18
In the past, monodisperse fluorous porphyrins were generated
by substituting the four para-fluorine substituents of the tetrakis-
pentafluorophenylporphyrin (TPPF20) by dendritically branched
fluorous moieties.9 Using this approach, molecules composed of
430 atoms were successfully synthesized and applied in quantum
interference experiments.19
With increasing complexity it becomes more challenging to
purify monodisperse particles in sufficient amounts. Here we profit
from the fact that our interferometer arrangement allows us to work
with compound mixtures since each molecule interferes only with
itself. By substituting some of the twenty fluorine atoms of TPPF20
with a branched, terminally perfluorinated alkylthiol (1), we obtain a
mixture of compounds with molecular masses that differ exactly by
an integer multiple of a particular value as a molecular library. The
molecular beam density is sufficiently low for the molecules not to
interact with each other and the individual library compounds can
be mass-specifically detected using a quadrupole mass spectrometer
(QMS Extrel, 16000 amu).
Our synthetic approach is based on the fact that penta-
fluorophenyl moieties can be used to attach up to five poly-
fluoroalkyl substituents in nucleophilic aromatic substitution
reactions. Substitutions at TPPF20 with its 20 potentially reac-
tive fluorine substituents lead to a molecular library of deriva-
tives with a varying number of fluorous side chains.
Results and discussion
We used sodium hydride as a base, microwave radiation as a
heating source and diethylene glycol dimethyl ether (diglyme)
as fluorophilic solvent. TPPF20 and a large excess of thiol 1
(60 equivalents) and sodium hydride in diglyme were heated in
a sealed microwave vial to 220 1C for 5 minutes.† After aqueous
workup the resulting mixture was analyzed by MALDI-ToF mass
spectrometry (Fig. 1) and subsequently used in our quantum
interference experiments without further purification. We
found up to 15 substituted fluorous thiol chains reaching a
molecular weight well beyond 10 000 amu.
In order to study the delocalized quantum wave nature of
compounds in the fluorous library we utilize a Kapitza–Dirac–
Talbot–Lau interferometer (KDTLI), which has already proven
to be a viable tool with good mass scalability in earlier
studies.6,19 The interferometer is sketched in Fig. 2: a molecular
beam is created by thermal evaporation of the entire library in a
Knudsen cell. The mixture traverses three gratings G1, G2, and
G3, which all have the same period of d C 266 nm. The
molecules first pass the transmission grating G1, a SiNx mask
with a slit opening of s E 110 nm, where each molecule is
spatially confined to impose the required spatial coherence by
virtue of Heisenberg’s uncertainty principle.20 This is sufficient
for the emerging quantum wavelets to cover several nodes of
the optical phase grating G2, 10.5 cm further downstream. The
standing light wave G2 is produced by retro-reflection of a green
laser (lL = 532 nm) at a plane mirror.
When the molecular matter–wave traverses the standing
light wave, the dipole interaction between the electric field of
power P and the molecular optical polarizability aopt entails a
Fig. 1 Synthetic scheme and the MALDI-ToF mass spectrum of the fluorous
porphyrin library L. High-mass matter–wave experiments were performed with
component L12 of the library L. This structure is composed of 810 atoms and has
a nominal molecular weight of 10 123 amu.
† Synthetic protocol and analytical data of the porphyrin libraries L:
General remarks: all commercially available starting materials were of
reagent grade and used as received. Microwave reactions were carried out in
an Initiator 8 (400 W) obtained from Biotage. Glass coated magnetic stirring
bars were used during the reactions. The solvents for the extractions were of
technical grade and distilled prior to use. Matrix Assisted Laser Desorption
Ionization Time of Flight (MALDI-ToF) mass spectra were recorded on an
Applied Bio Systems Voyager-Det Promass spectrometer or a Bruker microflex
mass spectrometer. Significant signals are given in mass units per charge
(m/z) and the relative intensities are given in brackets. Porphyrin library L:
thiol 1 was synthesized in seven reaction steps in an overall yield of 70%
as reported elsewhere.9 5,10,15,20-Tetrakis(pentafluoro-phenyl)-porphyrin
(TPPF20, 4.0 mg, 4.10 mmol, 1.0 eq.), thiol 1 (193 mg, 246 mmol, 60 eq.)
and sodium hydride (60% dispersion in mineral oil, 14.8 mg, 369 mmol,
90 eq.) were added to diglyme (4 mL) in a microwave vial. The sealed tube
was heated under microwave irradiation to 220 1C for 5 minutes. After
cooling to room temperature the reaction mixture was quenched with water
and subsequently extracted with diethylether. The organic layer was washed
with brine and water, dried over sodium sulfate and evaporated to dryness.
The resulting product mixture (183 mg) was analyzed by MALDI-ToF mass
spectrometry. MS (MALDI-ToF, m/z): 12403 (29%), 11645 (52%), 10884
(100%), 10121 (78%), 9339 (15%), 8597 (7%).
Paper PCCP
Op
en
 A
cc
ess
 A
rti
cle
. P
ub
lis
he
d o
n 0
8 J
uly
 20
13
. D
ow
nlo
ad
ed
 on
 06
/05
/20
16
 15
:46
:16
. 
View Article Online
Adler
GRW
10
-10
10
-8
10
-6
10
-4
10
-2
10
0
10
2
10
-22
10
-20
10
-18
10
-16
10
-14
10
-12
10
-10
10
-8
10
-6
10
-4
10
-2
rC (m)

(s
-
1
)
Interferometric	CSL	tests
M.	Carlesso et	al.,	to	be	published
M.	Toros et	al.,	J.	Phys.	A	51,	115302	(2018).	
M.	Toros et	al.,	Phys.	Lett.	A	381,	3921	(2017).
S.	Belli	et	al,	Phys.	Rev.	A	94,	012108	(2016).
Fig. 1. Exclusion plots for the CSL parameters fro interferometric experiments with
respe t t the GRW’s and Adler’s theoretically prop sed values Ghir rdi e al. (1986);
Adler (2007): molecular interferometry Eibenberger et al. (2013); Torosˇ t al. (2017)
(blue r a), atom interferometry Kovachy et al. (2015a) (green area) and experiment
with entangled diamonds Lee et al. (2011); Belli et al. (2016) (orange area). We report
with the grey area the region excluded from theoretical arguments Torosˇ et al. (2017).
M , d and T refer respectively to the mass, the superposition distance involved and the
time of each experiment.
6 Matteo Carlesso et al.
interferometric experiments, where different bounds are shown: in green and in
blue from cold-atoms Kovachy et al. (2015a) and molecular Eibenberger et al.
(2013); Torosˇ et al. (2017); Hornberger et al. (2004); Torosˇ and Bassi (2018)
interferometry respectively, and in orange from entanglement experiments with
diamonds Lee et al. (2011); Belli et al. (2016). By following the same reasoning,
one derives also which is the minimum action that collapse models should impose
to actually solve the measurement problem at the macroscopic level. Specifically,
a lower bound (grey area) is derived by requiring that a superposition of a single-
layered graphene disk of radius ' 10−5 m collapses in less than ' 10−2 s Torosˇ
et al. (2017).
5 Non-interferometric experiments
In the second class of possible tests of collapse models, one exploits an indi-
rect effect: the Brownian-like motion induced by the interaction of the collapse
noise with the considered system. This motion imposes a growth of the position
variance of the center-of-mass of the system, which can be eventually measured.
Alternatively, if the system is charged, one can measure the radiation emission
due to its acceleration given by such a motion. Since no superposition is involved
in these experiments, one can make use of systems of truly macroscopic dimen-
sions. Indeed, due to the in-built amplification mechanism, the collapse effect
becomes stronger and thus easier to be detected. However, larger systems are
also more affected by environmental noises, which compete with that due to the
collapses. Thus, to impose strong bounds on CSL parameters, one seeks for a
large mass in an experiment that should be as noiseless as possible.
Fig. 2 summarizes the state of the art in this class of experiments, which
includes experiments involving cold atoms Kovachy et al. (2015); Bilardello et al.
(2016), optomechanical systems Usenko et al. (2011); Vinante et al. (2016, 2017,
2006); Abbott et al. (2016a,b); Armano et al. (2016); Carlesso et al. (2016);
Helou et al. (2017); Armano et al. (2018), X-ray measurements Aalseth et al.
(1999); Piscicchia et al. (2017), phonon excitations in crystals Adler and Vinante
(2018); Bahrami (2018).
Of particular interest is the nanomechanical cantilever experiment described
in Vinante et al. (2017), where an excess noise of known origin was detected. Its
value is compatible with that predicted by the CSL model with - up to date -
still non-excluded values of the CSL parameters. Several standard mechanisms,
able to describe such excess noise, were considered and excluded. An eventual
identification of such noise to a standard source will improve the bound of the
experiment in Vinante et al. (2017) of one order of magnitude in λ, see the two
orange upper bounds contouring the top grey area in Fig. 2.
6 Generalization of GRW and CSL models
There are some limitations on the regime of validity of GRW and CSL models.
To make an example, both models are non relativistic. Possible relativistic ex-
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pushed forward [25–27]. They all aim at testing a side-
e↵ect of the collapse noise: the Brownian motion it in-
duces on the dynamics of any system. Two experimen-
tal scenarios of this kind are relevant: cantilevers [28],
where the Brownian motion shows up as a violation of
the equipartition theorem (an anomalous heating), and
X-ray detection [29], where the Brownian motion induces
spontaneous photon emission from matter. The relevant
bounds are again reported in Fig. 7.
A recent experiment [1] succeeded in cooling a cloud
of 87Rb atoms down to pK. This serves as a further test
of collapse models, as we will see. The authors of [1]
analyzed the spontaneous heating induced by a classical
stochastic force acting on the cloud [30], and set a bound
on the heating rate, due to the stochastic di↵usion, equal
to 20± 30 pK/s.
Aim of this article is to perform an exact calculation
of the predictions of the CSL model for the experiment
considered in [1], and compare these predictions with the
experimental data. We will set bounds on   and rC of
CSL (as well as on TCSL of dCSL and ⌦ of cCSL). In the
case of dCSL we will see that there exist values of TCSL
such that the noise cools the system, not heat it.
Instead of computing the change in the energy due to
the collapse noise as done in [1], we will compute the
change of the variance in position of the cloud, which is
the quantity measured in the experiment. The associated
bounds are reported in Figs. 6 and 7. As we will see,
these bounds are the strongest in a significant region of
the parameter space, as we will discuss in Section IV.
The paper is organized as follows. In section II we
describe the experimental setup of [1]. In section III we
compute the theoretical predictions according to the CSL
model. In sections IV and V we study, respectively, the
predictions of the non-white and of the dissipative exten-
sions of the CSL model. Finally, in section VI we compare
the theoretical predictions with the experimental results,
and we derive the upper bounds on the collapse param-
eters.
II. DESCRIPTION OF THE EXPERIMENT
A gas of 87Rb atoms is cooled down to very low tem-
peratures (T = 50+50 30 pK) by using a “delta-kick” tech-
nique. All the relevant experimental data are summa-
rized in Fig. 1. The gas is initially (t=0) trapped by a
harmonic potential with standard deviation in position
equal to 56 µm. The cooling process comprises the fol-
lowing three steps:
Step 1: The harmonic trap is removed and the gas evolves
freely for a relatively long time,  t1 = 1.1 s. This allows
atoms with the same average momentum to be approx-
imatively at the same distance from the initial localized
state of the gas.
Step 2: Delta-kick. A Gaussian laser beam interacts with
the atoms, the laser-atom interaction being modeled by
an external harmonic potential. By choosing the proper
FIG. 1: Graphical representation of the experiment reported
in [1]. For each step, the relevant experimental data are given.
harmonic frequency and interaction time, the potential
reduces the kinetic energy of the atoms. The interaction
lasts for a short time,  t2 ' 35 ms.
Step 3: The gas evolves again freely for a relatively long
time,  t3 = 1.8 s. The position variance of the gas is
then measured, from which the temperature of the gas is
inferred.
The delta-kick frequency ! plays a critical role in the
analysis. An estimation of ! is given in Eq. (103) of [30]
through a classical calculation. If the initial position and
velocity of the atoms are uncorrelated, the frequency be-
comes:
! =
s
1
 tmin
✓
1
 t3
+ (1   2) 1
 t1
◆
(1)
with  2 = 0.017 and  tmin ⇡ 34 ms is the time when the
gas reaches the minimum spread in position (obtained
in [1] through a fit of the experimental data). Inserting
all numerical values, we obtain: ! ⇡ 6.53 rad/s.
As a confirmation of this prediction, we verified that,
for all the values of ! outside the range 6-7 rad/s, the
predicted increase of the variance hxˆ2it3 is in contradic-
tion with the experimental data even for   = 0, i.e. even
for ordinary quantum mechanics. Therefore, ! should
lay within that interval. Then, we divided the interval
6-7 rad/s in ten parts, and computed which of the ten
values of ! gives the weakest bounds on   and rC ; the
result is ! = 6.7 rad/s. Since we can not estimate the
error associated to !, we take a conservative attitude,
and choose this value for the following calculations.
In Fig. 3 of [1], the experimental data are shown. How-
ever, the only experimental value, explicitly reported to-
gether with error-bars, is the minimum value of the po-
sition standard deviation, 120+40 40 µm, detected at delta-
kick time of  t2 = 35 ms, and shown in the inset of our
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A superconducting quantum interference device based read-out of a
subattonewton force sensor operating at millikelvin temperatures
O. Usenko, A. Vinante, G. Wijts, and T. H. Oosterkampa!
Leiden Institute of Physics, Leiden University, The Netherlands
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We present a scheme to measure the displacement of a nanomechanical resonator at cryogenic
temperature. The technique is based on the use of a superconducting quantum interference device
to detect the magnetic flux change induced by a magnetized particle attached on the end of the
resonator. Unlike conventional interferometric techniques, our detection scheme does not involve
direct power dissipation in the resonator, and therefore, is particularly suitable for ultralow
temperature applications. We demonstrate its potential by cooling an ultrasoft silicon cantilever to
a noise temperature of 25 mK, corresponding to a subattonewton thermal force noise of
0.5 aN /#Hz. © 2011 American Institute of Physics. $doi:10.1063/1.3570628%
Due to its excellent sensitivity, optical interferometry is
the most widely used technique to detect the motion of ul-
trasensitive mechanical resonators, for applications which
range from magnetic resonance force microscopy !MRFM",1
investigation of quantum effects in mechanical systems,2 and
fundamental physics experiments.3 Unfortunately, optical de-
tection becomes hard to implement when the size of the reso-
nator is pushed to the nanoscale, because of the diffraction
limit, and when low or ultralow temperatures are required to
reduce the thermal force noise, as for single spin MRFM. In
the latter case, resonator heating due to light absorption is
found to limit the effective cooling of the resonator.4 This
problem can be partially circumvented only by substantially
reducing the input light power, at the price of reducing the
displacement sensitivity. Other techniques have been re-
cently demonstrated to be more compatible with ultralow
temperatures. In particular, both single electron transistors5
and microwave cavities6–8 have demonstrated outstanding
displacement sensitivity for the detection of nanomechanical
resonators at temperatures below 100 mK. So far, however,
their implementation has been limited to systems where de-
tector and resonator are tightly integrated, which is not prac-
tical for scanning probe applications. Moreover, for micro-
wave techniques the direct photon absorption still remains an
issue at millikelvin temperatures, which again can only be
mitigated by reducing the input power. Displacement sensors
based on quantum point contacts have also been emon-
strated in an off-board setup9 but so far their use has been
limited to liquid helium temperature.
In this letter, we demonstrate a rather simple alternative
detection technique, based on the use of a dc superconduct-
ing quantum interference device !SQUID", which in prin-
ciple does not require any power to be directly dissipated in
the mechanical resonator. Our method involves attaching a
ferromagnetic particle to the end of t e resonator $Fig. 1!a"%
which, whe ever the reso ator moves, causes a change in
magnetic flux in a superconducting detection coil, positioned
close to the resonator $Fig. 1!b"%. A cantil ver displacement x
is thus converted into a coil flux !="x, where the constant "
is proportional to the magnetic moment # of the ferromag-
netic particle and depends in a complex way on the coil
geometry and the relative position and orientation of mag-
netic moment and coil. The flux change in the detection coil
is measured by the dc SQUID amplifier via a superconduct-
ing flux transformer of total inductance Lt, which includes a
calibration transformer and the SQUID input coil.
In our experiment, we use a silicon resonator consisting
of a 100 nm thick single crystal beam, 5 #m wide and
a"Electronic mail: usenko@physics.leide univ.nl.
FIG. 1. !a" An electron microscopy image of the silicon resonator with a
magnetic sphere attached to its end. The single crystal beam is 100 nm thick,
5 #m wide, and 100 nm long. The 4.5 #m diameter magnetic sphere is
made of a neodymium based alloy with remanence Br=0.75 T. The fre-
qu ncy of the lowest flexural mode of the resonator is 3084 Hz, with a
quality factor of 3.8$104. !b" Circuit diagram illustrating the detection
scheme. The motion x of the resonator induces a flux !="x in the detection
coil and a current I=−! /Lt in the superconducting detection loop, which is
measured by the dc SQUID.
APPLIED PHYSICS LETTERS 98, 133105 !2011"
0003-6951/2011/98"13!/133105/3/$30.00 © 2011 American Institute of Physics98, 133105-1 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to IP:
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Adler	et	al.,	Phys.	Rev.	A	97,	052119	(2018).
Bahrami,	Phys.	Rev.	A	97,	052118	(2018).
Fig. 2. Excl sion plots or the CSL parameters from non-interferometric experiments:
cold atoms Bilardello et al. (2016) (orange area), nanomechanical cantilevers Vinante
e al. (2016, 2017) (purple and grey-orange bounded areas), gravitational wave de-
t ctors AURIG LIGO and LISA Pathfinder Carlesso et al. (2016); Helou et al.
(2017); Carlesso t al. (2018a) (red, blue and green areas respectively), X-ray mea-
surements Aa eth et al. (1999); Piscicchia et al. (2017) (light blue area), phonon ex-
ci a ions in crystals Adler and Vinante (2018); Bahrami (2018) (red line). M and T
refer respectively to the ass and the time of the experiment.
tensions have been suggested for the GRW model in Tumulka (2006) as well as
for the CSL model in Bedingham (2011).
Moreover, GRW and CSL models have other two weaknesses. The first is the
presence of a steady increase in the energy of any system in time, the second
is the use of a white (flat) noise. Here, we discuss how such limitations can be
evaded.
6.1 Dissipative CSL model
In the CSL model, the energy of any system is not conserved due to the inter-
action with the noise inducing the collapse. In the case of a free single particle,
one has Bassi and Ghirardi (2003)
〈Hˆ〉t = 〈Hˆ〉0 + 3mλ~
2
4m20r
2
C
t. (10)
The energy of the system grows indefinitely in time. For example, an hydrogen
atom is heated by ' 10−14 K per year considering the values λ = 10−16 s−1
and rC = 10
−7 m. Although the increment is small, this feature is not realistic
even for a phenomenological model. Here, the CSL noise acts as an infinite tem-
perature bath. Conversely, one expects that a system will eventually thermalize
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at the finite temperature of the noise. The introduction of dissipation precisely
guarantees this. Indeed, in the dissipative CSL model, Eq. (10) becomes
〈Hˆ〉t = e−χt
(
〈Hˆ〉0 −Has
)
+Has, (11)
with χ = 4km
2λ
(1+k)5m20
and Has =
3~2
16kmr2C
, where k = ~
2
8mkBr2CTCSL
. Here, TCSL is a
new parameter representing the effective temperature of the noise. Theoretical
arguments suggest TCSL = 1 K.
For a detailed discussion on the dissipative extension of the CSL (and GRW)
model, the reader can refer to Smirne et al. (2014); Smirne and Bassi (2015).
Here, we give an intuition on how dissipation is included in the model. Consider
the Fourier transform of the localization operators in the CSL and the dissipative
CSL model. They are given respectively by:
Mˆ(y) =
∑
j
mj
(2pi~)3
∫
dPdQ e−
i
~Q·ye−
r2C
2~2Q
2
aˆ†j(P+Q)aˆj(P), (12)
and
MˆD(y) =
∑
j
mj
(2pi~)3
∫
dPdQe−
i
~Q·ye−
r2C
2~2 |(1+kj)Q+2kjP|
2
aˆ†j(P+Q)aˆj(P).
(13)
Here, the action of the operator aˆ†j(P + Q)aˆj(P) is to destroy a particle with
momentum P and to create another one with momentum P+Q, i.e. to trans-
fer a momentum Q to the system. In the CSL model, the distribution of the
transferred momentum Q is a Gaussian centered around zero and it does not
depend on the system momentum P. This is the reason why the noise keeps
heating the system indefinitely. On the contrary, in the dissipative CSL model,
the distribution of the possible transferred momentum is centered around a point
proportional to −P. In this way, the energy of any system approaches an asymp-
totic finite value in the longtime regime.
Fig. 3 shows the upper bounds to the dissipative CSL extension for different
values of TCSL. For a more detailed analysis on the current bounds on the dissi-
pative CSL model refer to Torosˇ et al. (2017); Torosˇ and Bassi (2018); Bilardello
et al. (2016); Nobakht et al. (2018).
6.2 Colored CSL model
The second limitation of the CSL model is that the noise inducing the collapse is
white. While this can be a good approximation in certain regimes, no real noise
is expected to be completely white. In particular, it is reasonable that for high
enough frequencies the spectrum of the noise presents a cutoff ΩC, whose inverse
denotes a characteristic correlation time of the noise. Then, it is important to
Collapse models, properties and experimental tests 9
Adler
GRW
TC=1 K
10-8 10-6 10-4 10-2 100
10-20
10-18
10-16
10-14
10-12
10-10
10-8
rC (m)
λ(s-1
)
Adler
GRW
TC=10-7 K
10-8 10-6 10-4 10-2 100
10-20
10-18
10-16
10-14
10-12
10-10
10-8
rC (m)
λ(s-1
)
Adler
GRW
ΩC=1015s-1
10-9 10-8 10-7 10-6 10-5 10-4 10-3
10-20
10-18
10-16
10-14
10-12
10-10
10-8
10-6
rC (m)
λ(s-1
)
Adler
GRW
ΩC=1 s-1
10-9 10-8 10-7 10-6 10-5 10-4 10-3
10-20
10-18
10-16
10-14
10-12
10-10
10-8
10-6
rC (m)
λ(s-1
)
Fig. 3. First and second panels: Upper bounds on the dissipative CSL parameters
λ and rC for two values of the CSL noise temperature: TCSL = 1 K (first panel) and
TCSL = 10
−7 K (second panel). Third and fourth panels: Upper bounds on the
colored CSL parameters λ and rC for two values of the frequency cutoff: Ωc = 10
15 Hz
(third panel) and Ωc = 1 Hz (fourth panel). Red, blue and green lines (and respective
shaded regions): Upper bounds (and exclusion regions) from AURIGA, LIGO and
LISA Pathfinder, respectively Carlesso et al. (2016). Purple region: Upper bound from
cantilever experiment Vinante et al. (2017). Orange and grey top regions: Upper bound
from cold atom experiment Kovachy et al. (2015); Bilardello et al. (2016) and from bulk
heating experiments Adler and Vinante (2018). The bottom area shows the excluded
region based on theoretical arguments Torosˇ et al. (2017).
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verify if the presence of a non-white noise affects the model, in particular whether
the localization and amplification mechanism are still working. A detailed and
analysis for generic collapse equations can be found in Adler and Bassi (2007,
2008). In general, one can prove that both the aforementioned mechanism work.
Regarding the predictions of the model, one derives a stochastic Schro¨dinger
equation with the same form as Eq. (9) where the noise wt(x) is substituted by
a noise ξt(x) with zero average and correlation E[ξt(z)ξs(x)] = δ(3)(z−x)f(t, s).
Here, f(t, s) denotes the time correlation function. Note that, contrary to the
white noise case where the equation is exact, when working with colored noise,
Eq. (9) is given by a first order expansion in λ. Since the noise effects are typi-
cally small, a perturbative treatment is generally sufficient.
Some experiments are more sensible than others when a colored noise is
introduced. For example, the predictions from radiation emission are sensibly
modified. Indeed, already a cutoff smaller of the order of ∼ 1021 Hz suppresses
the corresponding bound Adler et al. (2013); Donadi et al. (2014); Bassi and
Donadi (2014) Bounds on the CSL parameters for colored noise were studied
in detail in Torosˇ et al. (2017); Bilardello et al. (2016); Carlesso et al. (2018b).
In particular, one finds out that the upper bounds from experiments at high
frequencies (or involving small time scales) are weakened more and more when
moving to smaller value of ΩC. Theoretical arguments suggest ΩC ∼ 1012 Hz.
Fig. 3 shows the upper bounds to the colored CSL extension for different values
of ΩC.
7 Proposals for future testing
To confirm or falsify the possibility that the excess noise measured in Vinante
et al. (2017) is actually the effect of a collapse mechanism, one needs to consider
new experimental techniques for an independent inquiry.
One possible test consists of focusing on the rotational degrees of freedom
of a system and its collapse-induced Brownian motion Carlesso et al. (2018a);
Schrinski et al. (2017). It turns out that for truly macroscopic systems, this
technique can provide a sensible improvement of the bounds on the collapse
parameters, cf. Fig. 4. A direct application was considered in Carlesso et al.
(2018a), where the bound from LISA Pathfinder Carlesso et al. (2016) can be
significantly improved by considering also the rotational degrees of freedom.
Another proposal Carlesso et al. (2018c) considered a modification of the
cantilever experiment in Vinante et al. (2017) where the homogeneous mass is
substituted with one made of several layers of two different materials. This will
increment the CSL noise for the values of rC of the order of the thickness of the
layers. An example is shown in Fig. 4.
These are just two of the several proposals Collett and Pearle (2003); Gold-
water et al. (2016); Kaltenbaek et al. (2016); McMillen et al. (2017); Mishra
et al. (2018) suggested over the last years to push the exploration of the CSL
parameter space.
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Fig. 4. Exemplification of two possible experimental tests of collapse models. First
panel: Results of the analysis proposed in Carlesso et al. (2018a); Schrinski et al.
(2017) where the rotational degrees of freedom of a cylinder are studied. The red
line denotes the upper bound that can be obtained from the constrains given by the
rotational motion, compared with those from the translations (blue and green lines).
Second panel: Red shaded area highlights the hypothetical excluded value of the
collapse parameters that could be to derived from the conversion of the translational
noise of LISA Pathfinder to rotational one Carlesso et al. (2018a). This is compared
to the new (old) upper bounds from the translational motion shown with the blue line
Carlesso et al. (2018a) (grey area Carlesso et al. (2016)). Third panels: Hypothetical
upper bounds obtained from substituting the sphere attached to the cantilever used in
Vinante et al. (2017) with a multilayer cuboid of the same mass for various thickness
of the layers Carlesso et al. (2018c). The bounds are compared with that from the
improved cantilever experiment Vinante et al. (2017) shown in orange. Fourth panel:
Same as the third panel, but with a mass ten times larger.
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8 Conclusions
We discussed how collapse models provide a solution to the measurement prob-
lem. They modify the Schro¨dinger dynamics introducing a spatial collapse of the
wave function. We focused in particular on the most relevant collapse models,
which are the GRW and the CSL model. We discussed their main properties
and the status of the experimental bounds on their phenomenological parame-
ters λ and rC (Fig. 1 and Fig. 2 ). In particular, non-interferometric experiments
provide the strongest tests of collapse models. They extend over a broad set of
possible systems, which differ in size, form, materials, degrees of freedom and
much more. Moreover, we considered the dissipative and colored noise exten-
sions of the CSL model. Also in these cases, non-interferometric tests are the
most relevant for the experimental investigation (Fig. 3). Finally, we present
several non-interferometric proposals that were suggested to push further the
exploration of collapse models (Fig. 4).
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